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Attractor for the mean-field equations of the hysteretic dynamics of a quantum spin model:
Analytical solution

Subir K. Sarkar* and Debashish Bose†

School of Physical Sciences, Jawaharlal Nehru University, New Delhi 110 067, India
~Received 20 June 1996!

Recently Banerjee, Dattagupta, and Sen derived the mean-field equations for the three components of the
magnetization in the context of a quantum spin model in a rotating external magnetic field@Phys. Rev. E52,
1436~1995!#. We provide here the analytical solution for the attractor of this dynamics and prove that there is
no hysteresis loss on the attractor.@S1063-651X~97!10102-7#

PACS number~s!: 05.70.Ln, 75.60.2d, 75.10.Jm
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Over the past few years there has been consider
progress in the understanding of the phenomenon of hys
esis in model systems with both large and small numbe
degrees of freedom@1–14#. In some of these systems, hy
teresis is purely dynamical in origin, whereas in others ir
versibility is caused by interaction with a heat bath. Wh
some of these systems are purely classical in nature, ot
require quantum mechanical description. When many
grees of freedom are present, interaction among these
ables leads to cooperative effects and as some externa
rameters are varied, phase transition may take place.
such system in which both cooperative and quantum eff
are present was recently proposed by Banerjee, Dattag
and Sen@15#. They investigated the phenomenon of hyst
esis in an Ising system in an external field rotating in
transverse plane. Using a mean-field approximation, they
rived the dynamics for the expectation values for the th
components of magnetization by using a microsco
system-plus-reservoir approach. These equations are no
ear in nature and in Ref.@15# they were solved numerically
to find the asymptotic periodic attractor. What we do in th
paper is to provide an analytical solution for this asympto
periodic attractor. In the process, we prove that there is
dissipation due to hysteresis, if the mean-field dynamic
indeed governed by the equations derived by the auth
@15#.

The mean-field Hamiltonian for the system-plus-reserv
that is being studied here is given by

H05Hs1V1HB . ~1!

HereHs is the mean-field system Hamiltonian in the rotati
transverse field and is expressed as

Hs52hsz2Gx~ t !sx2Gy~ t !sy ~2!

with Gx(t)5G cos2vt andGy(t)5G sin2vt. They represent
the two components of the magnetic field of strengthG ro-
tating in thex-y plane with frequency 2v. sx , sy , andsz are
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the three components of the spin operator andh is the self-
consistent mean-field operating in thez direction and is ulti-
mately taken to be proportional to the average magnetiza
mz in thez direction.V represents the coupling between t
system and the reservoir and is invariant with respect to
tation in thex-y plane. FinallyHB is the bath Hamiltonian.

Now, definemx(t), my(t), andmz(t) to be the expecta-
tion values ofsx , sy , andsz , respectively, with respect to
the relevant density matrixr(t) at time t. The dynamics for
mx(t), my(t), andmz(t) as derived in Ref.@15# is finally
given, for arbitrarily large values of the strengthG of the
transverse field~so that the effect of large quantum fluctu
tions are taken into account!, by the following set of equa-
tions:

dmx

dt
5mxF2l2l

G2

h0
2 cos

22vtG
1myF2h2l

G2

h0
2 sin2vt cos2vtG

1mzF22G sin2vt2l
~h1v!G

h0
2 cos2vtG

12l
G

h0
cos2vt tanhbh0 , ~3!

dmy

dt
5myF2l2l

G2

h0
2 sin

22vtG
1mxF22h2l

G2

h0
2 sin2vt cos 2vtG

1mzF2G cos2vt2l
~h1v!G

h0
2 sin2vtG

12l
G

h0
sin2vt tanhbh0 , ~4!

and
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dmz

dt
5mxF2G sin2vt2l

~h1v!G

h0
2 cos2vtG

1myF22G cos2vt2l
~h1v!G

h0
2 sin2vtG

1mzF22l1l
G2

h0
2G12l

h1v

h0
tanhbh0 . ~5!

Here h05A(h1v)21G2, l is a phenomenological relax
ation rate characterizing the heat bath andb5T21, T being
the temperature. Once the dynamics evolves into the asy
totic periodic attractor, hysteresis loss per cycle in the
namics is given by

A5E
0

T̄
@mxdGx~ t !1mydGy~ t !# ~6!

with T̄5p/v.
We will now find out the solution for the asymptotic pe

riodic attractor of the set of coupled ordinary different
equations represented by Eqs.~3!, ~4!, and ~5! analytically.
To do this, the first point to be noted is that the Hamiltoni
without the external rotating field is symmetric with respe
to rotation in thex-y plane and the external field is of con
stant magnitude while rotating in thex-y plane with a con-
stant angular velocity 2v. In order to satisfy invariance with
respect to both rotation and time translation that is inher
in the dynamics, the only possible solution for the perio
attractor can be one in which the magnetization vec
„mx(t),my(t),mz(t)… also has a constant magnitude and
projection in thex-y plane maintains a constant angular r
lationship with respect to the instantaneous vec
„Gx(t),Gy(t)… representing the external field and thez com-
ponent of magnetization is constant. Thus

mx5a cos~2vt1f!, ~7!

my5a sin~2vt1f!, ~8!

and

mx5m0 . ~9!

Substituting these in Eq.~5!, one gets

m0S 22l1l
G2

h0
2 D 12l

h1v

h0
tanhbh022Ga sinf

2la
~h1v!G

h0
2 cosf50. ~10!

Similarly, substituting formx ,my , andmz from Eqs.~7!, ~8!,
and~9! in Eq. ~3! and equating the coefficients of sin2vt and
cos2vt on both sides, one obtains the following two equ
tions:

2av cosf52Gm02la sinf22ah cosf ~11!

and
p-
-

l

t

nt
c
r

-
r

-

2av sinf5l
~h1v!G

h0
2 m022l

G

h0
tanhbh022ah sinf

1S al1al
G2

h0
2 D cosf. ~12!

From Eq.~4! for ṁy(t) also one arrives at the same set
Eqs.~11! and~12!. This is as it should be since the dynami
is invariant with respect to rotation in thex-y plane.

Now definea cosf5X anda sinf5Y. It should be noted
thata sinf is directly proportional to the hysteresis loss p
cycle, as defined in Eq.~6!. Rewriting Eqs.~11! and ~12! in
terms ofX andY, one gets

2~h1v!X1lY52Gm0 , ~13!

and

lS 11
G2

h0
2 DX22~h1v!Y52l

G~h1v!

h0
2 m0

12l
G

h0
tanhbh0 . ~14!

TreatingX andY as unknown variables, for which Eqs.~13!
and ~14! are the determining linear equations, one imme
ately arrives at the following:

X5
1

D F4~h1v!Gm02l2
G~h1v!

h0
2 m012l2

G

h0
tanhbh0G

(15)

and

Y5
1

D F2l
Gm0

h0
2 ~h1v!212lGm0S 11

G2

h0
2 D

24l
G

h0
~h1v!tanhbh0G , ~16!

where

D54~h1v!21l2S 11
G2

h0
2 D .

Using the above expressions forX and Y in Eq. ~10!, a
somewhat lengthy algebra leads to the following equatio

m05
h1v

h0
tanhbh0 . ~17!

As in Ref. @15# we takeh5m0 and then Eq.~17! is a tran-
scendental equation that determines the fixed value of thz
component of the magnetization in the attractor and has to
determined numerically. Once that is done, one can find
the values ofX andY and thus the values ofa andf using
Eqs. ~15! and ~16!. However, it turns out thatY vanishes
identically always. Since the denominatorD in the expres-
sion ~16! is positive definite, it is enough to show that th
numerator is zero. But that follows simply by using Eq.~17!
to evaluate the numerator.
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We have checked the correctness of the analytical res
presented here by numerically integrating the set of Eqs.~3!,
~4!, and~5! for mm ~m5x,y,z!, starting from the initial con-
dition mz51, mx5my50. We find that the solution alway
converges to an attractor of the type described in the pa
In each case, the constant value ofmz to which the solution
converges turns out to be the same as given by the solu
of the transcendental Eq.~17!, which we solve separately fo
the same set of parameter values. The time axis is divi
into intervals of lengthT̄5p/v and for every such interval
we computeA, the hysteresis loss for that cycle, as defined
Eq. ~6!. We find thatA invariably converges to zero, n
matter what the values of the parameters of integration~G, v,
l, andb! are. Physically speaking this implies that the pr
jection of the magnetization vector on to thex-y plane even-
tually becomes parallel to the instantaneous external fi
nd

J

n,
lts

er.

on

d

n

-

ld

vector and then stays that way. We infer that the nonvan
ing values of hysteresis loss reported in Ref.@5# are only
finite time effects. In summary, we utilize symmetry arg
ments and numerical investigation of the equations~3!, ~4!,
and ~5! to infer that thez component of magnetization ap
proaches a constant value asymptotically. Using this kno
edge as well as the forms ofmx(t) andmy(t) that we get
from symmetry arguments, we derive the analytical solut
for the asymptotic periodic attractor. This solution does n
exhibit any hysteresis loss.
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